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Abstract 

We calculate the scalar quasinormal modes of warped AdS^ black holes ana- 
lytically. We find that in general they are not in agreement with the prediction 
of the usual AdS/CFT correspondence. Nevertheless, for the black hole not 
deviating far from BTZ black hole, the quasinormal frequencies are still well 
consistent with AdS/CFT correspondence. 
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The quasinormal modes of black holes have been studied in general relativity for 
nearly forty years (please see pQ for excellent reviews and detailed list of references) . 
They characterize the "sound" of the black holes. For the perturbations of the black 
holes, they obey the linearized equations of motion. And the quasinormal modes 
are defined as the perturbations subject to the physical boundary conditions that 
near the horizon of the black holes the local solution is purely ingoing and at spatial 
infinity the solution is purely outgoing. This choice of boundary condition makes 
generically the frequency of the perturbation be complex. Therefore the quasinormal 
perturbations undergo damped oscillations, just as the ring of a bell. Physically, the 
perturbations can fall into the black holes and decay from the point of view of an 
observer at the infinity. This is true not only for the black holes in flat spacetime and 
also in anti-de Sitter(AdS) spacetime. 

On the other hand, the quasinormal modes of AdS black holes are of particular 
interests in the study of AdS/CFT correspondence^- From AdS/CFT correspon- 
dence, the presence of black holes in anti-de Sitter spacetime corresponds to turning 
on a temperature in dual conformal field theory. The quasinormal modes of black 
holes correspond to the tiny deviations of the thermal equilibrium in dual field theory, 
which have nonzero damping[3]. It turns out that the complex frequencies of quasi- 
normal modes can be understood as the poles in the retarded green function in the 
dual finite temperature field theory [U [5]. Especially for two-dimensional conformal 
field theory, the left and right sectors are independent. At thermal equilibrium, the 
two sectors may have different temperatures (Tl,T r ). Consider a small perturbation 
operator O with conformal weights {h L ,h R ). Under such a perturbation, the sys- 
tem will return to thermal equilibrium exponentially with a characteristic time scale, 
which is inversely proportional to the imaginary part of the poles of the correlation 
function of the operator O in momentum space. There are two sets of poles 



where n being non- negative integer. In [3], it has been shown that these poles are in 
exact agreement with the quasinormal frequencies of the BTZ black hole. 

The Banados-Teitelboim-Zanelli(BTZ) black hole is a solution of the vacuum Ein- 
stein equations in three-dimensional anti-de Sitter spacetime[6j. The metric of the 
BTZ black hole is of the form 



u) L = k - 4iriT L (n + h L ) 
u R = -k - AixiT R (n + h R ), 



(1) 



ds 2 



+p 2 {d<p- ^dr) 2 , 



(2) 
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in Schwarzschild coordinates, where I is the radius of AdS% spacetime and M, J are the 
mass and angular momentum of the black hole. There are two horizons in BTZ black 
hole, outer one p + and inner one p_ decided by M, J. BTZ black holes are asymp- 
totic to AdS$ spacetime. According to AdS 3 /CFT2 dictionary, the two independent 
temperatures are related to the horizons 

rp _ P+ ~ P- rp _ P+ + P- f \ 

Tl ~ —^r^ Tr ~ ~^r- (3) 

For a scalar field with mass m in AdS$, its corresponding operator in CFT 2 has 
conformal weights 
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h L = h R = -(l + Vl + m 2 * 2 ). (4) 

The quasinormal modes of the BTZ black hole were computed for the first time in 
[7] . And it was found in [4 J that the scalar quasinormal frequencies of BTZ black hole 
were in precise match with (CQ). 

The warped AdS 3 black hole is the vacuum solution in three dimensional topo- 
logically massive gravity (TMG) with a negative cosmological constant. It was first 
discovered in [8|. Very recently, it was found that just as BTZ black holes are discrete 
quotients of AdS 3 spacetime, the warped AdS% black holes are discrete quotients of 
warped AdS 3 spacetime [5]. It was even conjectured in [H] that the warped black holes 
are holographically dual to a two-dimensional conformal field theory. The study of 
thermodynamics of the warped black holes gave strong support of the conjecture. It 
would be interesting to investigate this nontrivial AdS 3 /CFT2 correspondence fur- 
ther!. For other recent works on warped AdS% black holes, see [10J. 

In this letter, we study the scalar quasinormal modes of the warped AdS 3 black 
holes and check if it is consistent with the prediction of AdS/CFT correspondence. 

Let us start from the spacelike stretched black holes, discussed in [HIE]. Its metric 
takes the following form in terms of Schwarzschild coordinates: 

/2J 2 

ds 2 = -N(r) 2 dt 2 + R(r) 2 [d6 + N e (r)dt] 2 + — " (5) 



AR(r) 2 N(r) 



where 



R(rf = T - (3(v 2 - l)r + (v 2 + 3)(r+ + r_) - Av^r + r.(v 2 + 3)) (6) 
^2^) = (^ 2 + 3)(r-r + )(r-r_) ^ ^ 



AR(r] 



2vr — \l r + r (v 2 + 3) 

N e (r) = — (8) 

{ ' 2R(r) 2 ' 1 J 



1 It would be better to call it as warped AdSs/CFT 2 correspondence, since the conformal bound- 
ary of warped AdS^ is different from the one of AdS3. We thank the referee for this suggestion. 
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where — 1~ 2 is the negative cosmological constant and the parameter v = /j.1/3 with p 
being the mass of the graviton. Just like the BTZ black hole, there are two horizons 
located at r = r + and r = r_. We will focus on the physical black holes, in which 
case v > 1. When v — 1, there is no stretching and the above black hole becomes the 
usual BTZ black hole. In [9], the temperatures of the black holes were identified to 
be 

4ttvI T l + T r 
Th = v* + 3 T R ' (9) 

where 



Ti = -^r|^ r++r - ^ — • (10) 

" 8vr/ V ; 

are the temperature of dual CFT. The dual two-dimensional CFT is supposed to have 
the central charges 

_ I Av I 5w 2 + 3 

Gr + 3 Gw(r + 3) 

When v — 1, the warped black holes is the BTZ black holes. This could be seen 
by a coordinate transformation 

t= r, 9 = (j)--T, r = . 13 

/ I P+- P- 

In terms of the coordinates r, the horizons are 

P± = Vr±(Vr+ - V^)- ( 14 ) 

Note that the definition of the temperatures is actually related to the coordinate 
choice. In BTZ case, one has 

\2 



rp P+-P- ~ V r 

-LL = 



T, 



R 



2nl 2nl 

p+ + p- r + — r_ 



2tt/ 2tt/ ' 

which is the same as fllOl) . However, notice that the transformation ({T3"]) relate two 
time direction in two different coordinates so that the temperatures in two coordinates 
should be related by 

T(r) = — —T{p). (15) 
P+ ~ P- 
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Taking into account of this subtlety, one has 

Tl ~ 2? 



fn = (16) 
2n ,/r~ — .prZ 



To study the quasinormal modes of the blackhole, we consider the scalar perturba- 
tion in the background for simplicity. The scalar wavefunction satisfies the equation 

(V M V M - m 2 )$ = (17) 

Since the background has the translational isometry along t and 8, we may make the 
following ansatz 

$ = e- Mk0 (j), (18) 
to simplify the equation, and we have 

^R 2 N 2 dJR 2 N 2 d r U + (R 2 uo 2 + 2k(R 2 N e )uo + k 2 - m 2 N 2 R 2 )cj) = 0. (19) 
V 



Define the variable 



z = ^ (20) 



and we are led to the following equation after a lengthy calculation 

l( l_, ) ^ + (l_, ) £ + __(_ + fl + _), = , (21) 

where 



I 2 

A = -(2k + co^(2v^ - Vv 2 + 3^¥Z)) 2 , (22) 

(r + — T-Y 

;2 

B = —. r^(2k + uJ¥Z(2vJrZ - Vv 2 + 3JrT)) 2 , (23) 

(r + — r_y 

C = 3(v 2 -IV 2 -m 2 (v 2 + 3). (24) 

The equation ( 12TI) could be transformed to standard hypergeometric function form. 
Near the horizon z = or r = r + , there are two independent solutions 

fa = 2 a (l -zfF(a,b, c,z), <p 2 = z a (l- zfF(a + c- l,b-c+ 1,2- c,z) (25) 

where 

a = — i 



v 2 + 3' 



and 



c = 2a + 1, 

a = a + (3 + iV^B/(v 2 + 3), 
6 = « + /3 -iy^B/( v 2 + 3). 

Since by definition the quasinormal modes have to be purely ingoing at the horizon, 0! 
has the right boundary behavior. And in usual anti-de Sitter spacetime the boundary 
condition that at the infinity the solution should vanish. For the warped AdS$ space- 
time, the boundary condition at infinity is still under investigation |1U[ ITT] . It is not 
natural to impose the vanishing Dirichlet boundary condition at radial infinity, since 
the conformal boundary of warped AdS$ is very different from the one of usual AdS$. 
Actually one may analyze the asymptotic differential equation for radial wavefunction 
and find that the potential is not infinitely high at radial infinity. Therefore, instead 
of choosing some kind of boundary condition on wavefunction directly at infinity, 
we impose the physical requirement that the wavefunction is just purely outgoing at 
infinity and its corresponding flux is finite. The flux is 

T = ^f^jg rr — ($*d r $ - $<9 r $*) oc (r - r+)(r - r_)(<F<9 r $ - $d r $*) (26) 

If u is a ordinary complex number with both real and imaginary parts, then f3 is a 
complex number and not real. We require Re^/l — p^fp > to avoid any ambiguity. 
So the asymptotic flux at the infinity has a set of divergent terms and the leading 
term is of order (f — z) 2l3 ~ l , where Re2/5 — 1 < 0. If u is a purely imaginary number, 
then /3 is real and /3 < and the leading order divergent term is (1 — z) 2f3 . The leading 
term are all proportional to 

T(c)T(c-a-b) 2 



T(c-a)T{c-b) (2?) 
Thus, if we require the asymptotic flux at the infinity is not divergent, we have to set 

c — a = —n, or c — b = —n, (28) 

with n being a non-negative integer. Note that these two relations could be obtained 
by simply imposing vanishing Dirichlet condition at infinity. Let us analyze them 
case by case. 

I) Case 1: c — a = —n 

In this case, we are led to the following equation on to: 



1 1 -X4k + cu8) + l [1 + 



r_v 2 + 3 y ' 2 I \ (v 2 + 3) 



4C1 2 , 
1 " 7-^^ = (29) 
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where 



5 = 2v(r + + r_) - 2^/(u 2 + 3)r+r_. (30) 
The solution of ( 1291) is of quite involved form: 

^ 2 + 3 f J{ / .. l.\ .. .,.1 , . 

^ = ^ _ 3(tf2 _ 1)p + «(n + 3) 1 - «(e + ./) J , (31) 



where 



d= . (32) 

r _ r _ 



And in the above solution, we have introduced 



where 



F = -i{v 2 -\)l\n+\)- S '"' 



2V + 3 

2) Case 2: c — b = —n 

In this case, the equation on u is much simpler, 



1 2vlu 1 
— n h i- 



2 v 2 + 3 2^ (v 2 + 3) 

which has the solution 



4C/ 2 , . 

1 - -T-r-^-,' (34) 



= ~i) |(2r» + 1) V + ^3(n + ^)> 2 - 1) + (\ + + 3) ). (35) 

Note that the frequency is pure imaginary, being independent of the angular 
momentum. 

The above expression looks quite involved. It would be illuminating to consider 
the v = 1 limit to get a favor and have a consistent check. In the v — 1 limit, we have 

= -7—= 7=^-^77^7= ^7— U + - 1 + Vl + m 2 / 2 36 

w L = -ij (n + ^l + Vl + m 2 / 2 )). (37) 

At first looking, the above result is slightly different from (TjQ) obtained in jlj. The 
differences reside on the temperature and angular momentum. Both differences origi- 
nate from the choice of different coordinate systems. For example, taking into account 
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of the coordinate difference, the temperature should be as ffTol) . so that we still have 
the same physical picture ul,r oc — ^rT L>R (l + h L R ). 

The above solution could be simplified in the following limits. 

1. In the limit of v — > oo, the expression of the solutions could be simplified to 



oj r = I dd(n + -) + \ -d 2 P + 3l 2 n(n + 1) I , (3S 



u L = -i- | // ■■: -+ \/3(// -[--)-- + 1 J (39) 
where 

5 = 2(r+ + r_ - y/r^rC). (40) 

The real part of the quasinormal modes and the mass dependence are suppressed 
in the large v limit. The quasinormal frequencies look pure imaginary and are 
proportional to v. Physically this means that since the spacetime is stretched 
so much, the relaxation of the system to thermal equilibrium is extremely fast. 

2. For the extremal black hole with r + = r_, the fact that d — > oo leads to 

Ak , . 

u R = - — . (41) 

Therefore, there is no imaginary part no matter how large v is. This may 
indicates that the right temperature is zero. And the left temperature could be 
taken as the constant We note that this phenomenon is similar to the case 
in Kerr/CFT correspondence [UJ, where Tr = 0,Tl = 1/27T. 

Another subtle point arise in the extremal BTZ black hole. From our calcula- 
tion, it seems that Tr in ffToT) diverge. However the temperatures in ([3]) is finite. 
This indicates that the coordinate transformation is singular and the definition 
of the temperature is closely related to the choice of the coordinates [12J. 

Let us return to the general case. The expression of the right frequency looks 
awful. To simplify the discussion, we may let the angular momentum vanishing 
k — 0. Then we have 

UR = -*^-3(^-l)p{ (n+ 2 )d * 



1 / Am' 2 !' 2 

+-i (1 + -^—) {dW - 3{v 2 - 1)P) + 3(2n + 1) 2 (t; 2 - l)/ 2 } . (42) 

2 V f + 3 

With the expression of lul, it seems that the quasinormal frequencies is not in agree- 
ment with the prediction ([T]) from AdS/CFT correspondence. 
However, we have a few remarks: 
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One interesting point is that in the above relations, there is a combination 

4m 2 / 2 , . 

1 + ^T3 (43) 

in the squared root. This reminds us of the conformal weight of the scalar field 
with mass m in anti-de Sitter spacetime with radius 2l/y/v 2 + 3. 

If we can neglect the uo 2 term in C, we have C = —m 2 (v 2 + 3) so that 

Ul = _44±if„ + i A v (44) 



I 2v V 2 
4k .v 2 + 3r + -r_ / 1 ~\ ,, rN 

with 

This is actually in exact match with the prediction (JT]) of AdS^j 'CFT 2 cor- 
respondence. Firstly note that A is the scaling dimension of the dual oper- 
ator corresponding to the scalar field of mass m in AdS$ spacetime with ra- 
dius 2lj\Jv 2 + 3. Secondly note that for scalar perturbation in CFT, one has 
hi — hji = A/2. Thirdly the temperature has to be modified with respect to 
coordinate transformation. In [Hj, the temperatures are identified as 

Tl = 27/^T 5 ' = 27i— {r+ - r - } - (47) 

And the temperatures in the quasinormal frequencies are 

T l ,r = T L , R /8. (48) 
This is what also happens in BTZ case. 

We need to justify our approximation. In order to have 3(t> 2 — l)a; 2 << 
m 2 (v 2 + 3), one may expect that in the very low frequency limit \u\ << m, 
the above approximation make sense. However, the expression f|44|) could not 
be in consistent with this limit. The other possibility is when v is very close 
to 1. In this case, the black hole solutions are very much like BTZ black holes. 
In a sense, the BTZ black hole is the only one which can exactly match the 
AdS/CFT prediction. A slightly deviation from BTZ black hole is still in good 
agreement with AdS/CFT correspondence. 

There is a singular point at which the right-moving quasinormal mode is not 
well-defined. Notice that 

72 

d 2 5 2 - 3(v 2 - l)l 2 = -(vV + 3(r+ + r_) - AvJT^fZ) 2 , (49) 

( r — r_V 
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which vanishes when 

r 2v- J3(v 2 - 1) 

- = \ (50) 

r + 2v + yj3(v 2 - 1) 

This relation is in consistent with the fact that < r_/r + < 1. However, in this 
case, from (IHTj) the right-moving quasinormal mode has a negative infinite imag- 
inary part, indicating its damping time is zero. The AdS/CFT correspondence 
suggest that the dual right temperature is infinite, which is not true even after 
taking into account of the redefinition of the temperature due to coordinate 
choice. Note that this issue does not arise in the v — 1 limit. 

• The discrepancy between semi-classical gravity calculation and the prediction of 
AdS/CFT correspondence may originate from the deformation of AdS$ space- 
time at asymptotic region. The warped AdS^ black hole is asymptotic to the 
warped AdS% spacetime, in which case the AdS/CFT correspondence has not 
been well understood. For example, we have no idea of the exact relation be- 
tween the masses of scalar fields in the bulk and the conformal weight {Hl, Hr) of 
corresponding operators in CFT. The usual way to decide the relation from su- 
pergravity calculation cannot be applied here since the boundary of the warped 
AdSs is not the spacetime in which the CFT2 is defined. Furthermore, our 
study suggest that if there does exist a warped AdS/CFT correspondence, the 
identification of the quasinormal modes of the warped AdS$ blackhole with the 
poles in the retarded Green funciton in the dual field theory may not be ex- 
act. Obviously a further thorough study of warped AdS/CFT correspondence 
is deserving. 
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